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ABSTRACT

Let M2(K') be the matrix algebra of order two over an infinite field K of
characteristic p # 2. If K is algebraically closed then, up to isomorphism,
there are two involutions of first kind on M2(K'), namely the transpose
and the symplectic. If K is not algebraically closed, studying *-identities
it is still sufficient to consider only these two involutions. We describe
bases of the polynomial identities with involution in each of these cases.

Introduction

Suppose R is an algebra with involution * over an infinite field K, and denote
by T(R,*) the ideal of all *-polynomial identities in R. The description of
T(R,*) is an important task in PI theory. Quite a lot of research has been
done in the direction of finding the identities with involution of minimal degree
satisfied by the given algebra. We refer to two recent papers, [3, 4], and their
bibliography for further information on the topic. Another important question
in this direction consists in describing the generators of T'(R,*) as an ideal
of x-identities. The positive results on this last question are sparse, the only
nontrivial cases being those of R = My(K), the matrix algebra of order 2 over
a field K when K is either of characteristic 0 [13], or K is finite [14]. Also when
R = G, the infinite dimensional Grassmann algebra over a field of characteristic
0, the problem was solved in [1].

* Supported by PhD grant from CNPq.
** Partially supported by CNPq and by CAPES.
Received March 7, 2004

337



338 J. COLOMBO AND P. KOSHLUKOV Isr. J. Math.

In this paper we describe bases of the *-identities for the algebra Ms(K)
when K is an infinite field, char K = p # 2. We consider both the transpose
and the symplectic case. It should be noted that every involution of the first
kind on the full matrix algebra M, (K) is equivalent either to the transpose or
to the symplectic, the latter being possible only when n is even. We make use of
the description of the weak polynomial identities for the pair (M3(K), slo(K))
where sly(K) is the Lie algebra of the 2 x 2 traceless matrices, see [10]. While
this is sufficient to deal with the case of the symplectic involution, in order to
proceed with the transpose we need invariant theory of the classical groups [5]
and the description of the identities of M3(K) given in [12).

1. Preliminaries

In this paper we consider algebras, vector spaces, modules etc., over a fixed
infinite field K, char K # 2. Unless otherwise stated, all algebras we consider
will be associative and unitary. Let R be an algebra with centre Z(R), and
suppose * is an involution on R. Denote Z(R,*) = {r € Z(R) | r* = r}. The
involution x is of first kind if Z(R) = Z(R,*), otherwise x is of second kind
(see for example [16, Def. 2.2.16, p. 121]). Note that this definition is not the
usual one but an equivalent form of it. All necessary facts about algebras with
involution and their identities can be found in Rowen’s book [16], Chapters 2,
3, 7.3, 7.4. We recall some of them later on.

Let T = {t; | 1 € N} and S = {s; | ¢ € N} be two disjoint countable sets of
variables; we form the free unitary associative algebra K(T', S) freely generated
over K by the union of these two sets. One defines an involution * on this
algebra setting t} = s; and s} = t; for all ¢. Then K (T, S, *) is the free algebra
with involution. We adopt the notation T* and t}, respectively, for S and for s;.
If f=f(t1,...,tn,t3,...,t5) € K(T,T*) then f is an identity with involution,
or else an *-identity, if f(ry,...,7n,75,...,75) = 0 for every choice of r; € R.
Ideals of x-identities are defined in the natural way in analogy with the case
of ordinary polynomial identities. Every such ideal I is closed under the *-
endomorphisms of K (T, T*), and I is the ideal of *-identities of an algebra with
involution, for example of the quotient algebra K(T,T*)/I. If f, g are two
polynomials in K(T,T*) then g is a consequence of f if g lies in the least ideal
of *-identities containing f. If in addition f is a consequence of g then f and g
are equivalent as *-identities. If I is ideal of *-identities then the set B C I is a
basis of I when I coincides with the ideal of x-identities geherated by B.

It is known that if * is an involution of the second kind on a matrix algebra
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then every *-identity is an ordinary identity as well, see [16, Proposition 2.3.39,
p. 132]. Hence in the case of M3(K), char K # 2, we consider involutions of the
first kind only since we know a basis of the ordinary polynomial identities of
M5 (K), see [12]. Furthermore, in [12] minimal bases of the identities of M3(R)
were described.

From now on we consider only involutions of the first kind. It is well known
that if R is central simple algebra over K then there are at most two equivalence
classes of involutions (of first kind) on R. We refer to [16, Chapter 3.1, pp. 167-
171] for the definition of the equivalence of involutions and related topics.

We shall specialize the above to the matrix algebras M, (K). The following
two involutions on M, (K) are well known. The transpose involution is a +—

t is the usual matrix transpose for a € M, (K). The symplectic

b ¢ .
d e) € M,(K) is a block

at where a
involution is a — a° for n = 2m. Here if a = (

matrix where b, ¢, d, e € M, (K) then

s et ¢t
“= (—dt bt ) '

According to [16, Corollary 3.1.58] the following description of the involutions
on M,(K) holds. If n is odd, then every involution * on M, (K) is equivalent
to the transpose. If n is even, then every involution x is equivalent either to
the transpose or to the symplectic. Furthermore, there is an extension field F’
of K such that M,,(K) @ F = M,(F) with the involution induced by * is
isomorphic to M, (F) with either the transpose or the symplectic involution.
In particular, since the field K is infinite, the ideal of identities of (M, (K), %)
coincides either with that of (M, (K),t) or with that of (M,(K),s). See [16,
Theorem 3.1.61, pp. 169-170].

One may write x; = ¢; + ¢} and y; = ¢; — t}; then since char K # 2, one
gets t; = (1/2)(x; +y;) and ¢} = (1/2)(x; — ), that is, z; is the symmetric
component of r; and y; is the skew symmetric one. Furthermore, one may take
X ={z;|1€N} and Y = {y; | i € N} as the free generators of K(T,S) =
K(X,Y). We shall use letters x, with or without lower indices, to denote the
variables in X, that is the ones * leaves fixed, and y (again with or without
indices) for the elements of Y; for them * changes the sign.

The base field is infinite hence the ideals of *-identities of K(X,Y) are multi-
homogeneous with respect to the natural (multi-)grading on K{X,Y). Therefore
every such ideal is generated by its multihomogeneous elements, and we restrict
our attention to such elements.
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Let L(X) be the free Lie algebra freely generated over K by X; then K(X)
is the universal enveloping algebra of L(X). Let z1, za,..., u1, us,...be an or-
dered basis of the vector space L(X) where all elements are multihomogeneous,
the variables z; are the least in the order and degu; > 2 for all i. The (asso-
ciative) subalgebra B(X) of K(X) generated by 1 and by all u; is spanned by
products of Lie elements; the elements of B(X) are called proper (or commu-
tator) polynomials. It is well known that the T-ideal of an algebra is generated
by its proper polynomials. One modifies this to the case of *-polynomials in
the following way. Since 1 € K(X,Y) is symmetric, every proper polynomial
is a linear combination of products of skew symmetric variables y followed by
a product of commutators. This is a standard argument; see for example [7,
Chapter 4.3] for its detailed proof for ordinary identities, and [6, Section 2] for
the case of identities with involution. Here the commutators are of the type
[21,22,-..,2k), k > 2, where z; may be either z; or y;. We assume that the
commutators are left normed, that is [a,b] = ab — ba and [a,b,c] = [[a, b], ]
Note that all symmetric variables appear in commutators only. We call the
polynomials of the type described above, x-proper polynomials. Thus the *-
proper multihomogeneous identities determine all *-identities of an algebra with
involution.

Let aob = (1/2)(ab + ba) be the Jordan product of a and b; then in every
associative algebra

[aob,c]=aoc[bc+bofa,c); [c,a,b]=4co(aob)—4aoc(boc).

We shall need the notion of weak polynomial identity. Let L be a Lie algebra
that is a subalgebra of the Lie algebra R~ of an associative algebra R. Here R~
is the vector space R equipped with the Lie product [a,bd] = ab — ba. Assume
that the set L generates R as an algebra. The polynomial f(zy,...,z,) € K(X)
is a weak polynomial identity for the pair (R, L) if f(a;,...,a,) =0 in R for
every a; € L. The set T(R, L) of all weak identities for (R, L) is an ideal of
K (X) that is closed under Lie substitutions. In other words, if f € T'(R, L) then
f(g1,...,9n) € T(R,L) for every g, € L(X). The weak identities for the pair
(M3 (K), sla(K)) were described by Razmyslov when char K = 0, see for example
[15, Theorem 6.5, pp. 56-57], and by the second author when char K > 2, see
[10]. Namely, they follow from the weak identity [aob, c] = 0. For further details
concerning weak identities see [10, 11, 15].
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2. The transpose involution

In this section we describe a basis of the identities with the transpose involution
* for the algebra My(K). First we exhibit several (quite a lot of) *-identities
and thus reduce significantly the set of polynomials that one has to consider.
Then we employ invariant theory and weak identities in order to show that what
is “left” is just necessary.

The following polynomials are x-identities for My(K).

(1) [v1ye,z],  [v1,92],
(2) [#1, z2][z3, 24) — [T1, z3][22, 24] + [1, T4][®2, T3],
(3) [y1x1y2,372] - y1y2[$1»$2]-

Recall that one may substitute the x;’s by symmetric matrices and the y;’s by
skew symmetric ones. Hence the validity of the x-identities (1) follows from the
fact that two skew symmetric 2 x 2 matrices commute and that their product is
a scalar matrix. Analogously [z;, ;] evaluated on symmetric matrices produces
skew symmetric one, hence [z1, x2][23, 24] = [£3,Z4)[21, 22] and (2) is a variation
of the standard identity s4 that holds for the algebra M,(K). One checks easily
that (3) is also *-identity for the 2 x 2 matrices.

We denote by I the ideal of *-identities in K (X,Y’) generated by the identities
above; let R = K(X,Y)/I be the corresponding relatively free algebra.

We shall deduce some *-identities for R that will be used later on. Most of
these can be found in [13] in the case of characteristic 0. We give hints for their
deduction since the paper [13] is available only in Russian. Since z} = z; and
y; = —y; then one checks immediately that in K{X,Y) the following equalities
hold:

(21, 22]" = ~[z1,22]; [z y]" = [=,9];

(4) (xrom)* =xz103; (zoy) =—-x0y; (y10Y2) =y oy

Therefore [z 0 y1,y2] = 0in R, and y; o [z,y2] = 0 as well. Thus y;rys = yozyr
in R, and since y1yy2 = y2yy1 We have that y;2ys = yozys for z = z + y.
From the last identity it follows that in R we have

(5) [y, 2, y2] = [y1, 2]y2 — valon, 2] = 2[y1, 2]y,
[y1, 21,92, T2) = 2([y1, z1]y2, 22] =
(6) 2y1y2[x2, T1] + 2[p121Y2, 22] = dy1y2[T2, 1]
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But [y1,21,y2,22] = [[y1,21], [y2, 2]l + [y1,21,22,y2] by the Jacobi identity.
Now the element [y;, 1, z2] is skew-symmetric in R, hence the second commu-
tator vanishes and we get the identity

(7) [ly1, 21], [y, z2]] = 4y1y2[z1, 22].

Similarly we obtain

M1, #1), [y2, z2]) = 2{[y1, 1), yo, 22) = 2[y1, #1][y2, z2] + 2[y1, 21, Z2]y2,

and

(8) [yl,xl][yg,wz] = 2?/1!/2[%7252] - [y1,$1,$2]y2-

The following lemma was proved in [13, Lemma 1] for multilinear polynomials.
The same proof holds for multihomogeneous ones.

LeEMMA 2.1: Let f € R be a multihomogeneous x-proper polynomial. Then
f = fi + fa + fs where fi is a linear combination of products ujus - - - uak, fa
respectively of products uyus - - - 4gma1, and fz of products uuse - - - upw. Here
all u; are skew symmetric commutators of degree > 1 and w is symmetric of
degree > 2. Furthermore, every commutator of degree > 2 contains at most one
skew symmetric variable.

Proof: We give a brief idea of the proof in order to keep the exposition self-
contained.

STEP 1: By the identity (8) one represents the product of two symmetric
commutators, each of degree > 2, as a sum of products of skew symmetric ones.

STEP 2: By the identity y; o [z,y2] = 0 we obtain that skew symmetric com-
mutators anticommute with the symmetric ones (the latter of degree > 2). Also,
the skew symmetric commutators commute according to (1).

STEP 3: If we are given a product of several symmetric and skew symmetric
commutators, then using Step 2 we can reorder, up to a sign, the commutators in
such a way that the skew symmetric ones precede the symmetric commutators.

STEP 4: Applying several times the procedure from Step 1 to the result of
Step 3, we will be left with at most one symmetric commutator, and so we have
the representation f = fi + f2 + f3.

Now let the commutator » contain two skew symmetric variables. If degu = 3
then either all variables are skew symmetric and u = 0 according to (1) or
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v = [y1,%,y2]. In the latter case one applies (5). Hence suppose degu > 4,
u = [w,y1,2,...] where z = y2 or z = z, and degw > 2. If w is skew symmetric
then u = 0 by (1), so suppose w is symmetric. But then w = [v,w;] where v is
skew symmetric commutator and w; is symmetric, degw; > 1. Then we apply
(5) and get [w,y1] = [v, w1, 1] = 2[v,w1]y1. When 2z = y, we have

[w, y2,y2] = 2[v, w1, y2]y1 = 4192[v, un]

and when z = z, by (6) we get

[w7'y17$] - [valvyhx] = 4Uy1[xaw1]-

Since vy, is central element then u = 4y v1u; for v4 = v or v; = y» and some
commutator u;. So we may continue by induction on degu.

The only case left is when u = [y1, ..., y2] where y; and yo are the only skew
symmetric variables in u, and in it we may suppose that u = [v, z, y2| for some
skew symmetric commutator v. We deal with it using (5) and thus we are done.
[ |

Let

be generic 2 x 2 matrices and denote Gens the subalgebra that they generate in
My (K [Og)]) Then Gens, is the relatively free algebra in the variety of algebras
defined by Ms(K). An analogous construction yields (Geng,*), the generic
algebra with (the transpose) involution, see [6, Section 3]. Let s, and t, be
generic symmetric and skew symmetric matrices, respectively:

ST:(XEQ; X?%); tr:( 0 gu))
Xiz X21 - 0

A natural way to visualise (Geng, x) is to consider XE;) = %(OZ) + 0;?) and
€N = %(9%2)—05?); then s, = (1/2)(ar+a}) and t, = (1/2)(a,—a}). According
to [6], (Gena,*) is isomorphic to the relatively free algebra in the variety of

algebras with involution determined by Ms(K) with the transpose involution.

COROLLARY 2.2: Let f = fi + fo + f3 be as in Lemma 2.1. Then:

(i) (Cf. [13, Remark 3] for the multilinear case.) The polynomial f is x-identity
for M5(K) if and only if fy, f2, f3 are.

(ii) If f is x-identity for M2(K) then every f; follows from some f], deg f! <
deg fi, and f] depends on at most one skew symmetric variable, i = 1, 2, 3.
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Proof: The proof of (i) is analogous to that of [13]; it is based on the following
fact. The polynomial f; when evaluated on M3(K) produces scalar matrices
only while f; yields skew symmetric ones and fs; gives symmetric traceless ma-
trices only. But every matrix decomposes uniquely as a sum of three matrices
of the above types and thus (i) is done. As to (ii), one observes that the identity

(9) [v,21,. .., 2]y, 21, . 2o = v, 21, .. Dok, 20, 2]

holds in R; here z;, z; are symmetric variables and v is a skew symmet-
ric commutator, degv > 2. This identity can be deduced by an easy in-
duction on ¢. On the other hand, by y12ys = y22y1, 2 = = + y, we have
[1,21,y2] = [y2, 21,91]) = 2[y1, 21]y2 = 2[y2,21]y1 and we can choose the skew
symmetric variable that is to be “thrown out” of the commutator. Hence if
fi = filz1,...,Za,y1,...,Yp) We may assume that y; appears in commutators
only and no y;, ¢ > 1 is inside a commutator. Then substitute x; for s; and y;
for t;, and write down the matrix in (Geng, *) thus obtained as PQ = 0 where
P equals the product of (powers of) ¢;, 1 < ¢ < b. This product has nonzero
determinant and hence P is generically invertible. So we may cancel out P and
we get Q = 0. ]

LemMA 2.3: Let fo and f3 be the polynomials from Corollary 2.2 (ii), depending
on exactly one skew symmetric variable y. Suppose further that fo and f3 are
linear combinations of commutators of degree > 4. Then in R we have
f2(y,-’171, v 7xn) = a[yamil yeee 7xi1n] + 4yg1(:v1, ce ,l‘m);
f3(y,1‘1, cen ,xm) = /3[%%‘1, oo 7$im] + 4yg3(.’171, e 7xm)

for suitable a, f € K, i1 < --- < {,, and for some polynomials g, g3 of the
types f1 and f3 of Lemma 2.1.

Proof: First we consider the case of fo. If v is a commutator then [v,z2,21] =
[v, 21, 23] + [v,[z2,21]]. Hence if v is skew symmetric, by Identity (1) we get
[v,21,22] = [v,22,21], and by Identity (6) we have
(10) ['Uv r1,%3,T2, 1'4] = [Ua x1,22,723, 1:4] + [U7 r1, [1}3, 'T2]a 5134]
= [v, &1, 22, 23, T4) + 4v[x3, T2)[24, 21].
Therefore, for © = [v, z3, 4, Z1, Z2], using (10) we obtain
U= [’U,$3,$1,l‘4,x2] + 4v[1‘4,x1][$2,$3]
= [U,$1,$3,$2,Z’4] + 4’[}[])4,(1?1][(1,‘2,133]

= [v, &1, 23, T2, T4] + 4v[z3, T2][z4, T1] + V{24, 21][22, 3]
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Finally, according to (6), we get
(11) [Ua$37$4axlvx2] = [U,I1,$2,$3,.'E4].

But the last identity means that we may commute the consecutive pairs of
variables inside a commutator [v,...] where v is skew symmetric. This implies
that we may order the variables in a skew symmetric commutator in ascending
way, and that the assertion of the Lemma for polynomials f5 is proved.

The proof for f; is rather similar. Let v be skew symmetric commutator,
one uses [v,x1, %3, 2] = [v, 21, %2, 23] + [V, 21, [23, 22]] and [y1,21,...,Tn, Y] =
[Y2,21,. .., Zn,y1]. (The latter identity follows easily from yizys = ya22y1.)
Using the identity (5) one obtains

[v, 21,23, 22) = [v, 21, T2, 3] + 2[[z3, Z2], 21]V

= [’l),fL‘],l‘Q,.’lfg}] + 2[.’171,1'2,1:3]’1).

In this way we may reorder the variables in the case of f3 as well, and we finish
this case in the same manner as that of f,. |

PROPOSITION 2.4: Let, in the notation of Corollary 2.2, f1, fa, f3 be x-identities
for M»(K). Suppose that every f; contains at most one entry that is a skew
symmetric variable. Then, in R, each one of fi, fs, f5 follows from some *-
identity that does not depend on skew symmetric variables. Assuming that the
polynomials f; do not depend on such variables and that deg f; > 4, we have
the following.

1. The polynomial f; is a linear combination of products of two skew
symmetric commutators. One of these two commutators is of degree two.

2. The polynomial f2 is a linear combination of skew symmetric commutators.

3. The polynomial f3 is a linear combination of symmetric commutators.

Proof: We already proved that each of f; is a linear combination of products
of commutators, and that the only skew symmetric variable (if any) may be
placed at the first position of the first commutator in the product.

Consider first f;. Using the identity (6) we write it as a combination of prod-
ucts of two skew symmetric commutators. If f; depends on symmetric variables
only, then by (9) we obtain that one of the commutators in each product is of
degree 2. If, on the contrary, f; depends on one skew symmetric variable y, then
by (9) we write it as fi(y,z1,...,2n) = yf2(21,...,%,). Therefore f; follows
from some *-identity of the type fy which does not depend on skew symmetric
variables.
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Now consider a polynomial of the type fs. By (6) it is a linear combination
of skew symmetric commutators. If fo does not contain any skew symmetric
variable we are done. If it does depend on y then by Lemma 2.3 we write

f2(yaxl7x27"',x’n) = a[yax’hvxiz?"'vx’im] +4yf1(l'1a$2,-~-a1'n)

for some polynomial of the type fi and @ € K. Substitute then

(0 -1 (01
Y= 1 0 ’ T =22 = =Tn = 1 0/

_01 é) and 2% # 0 in K. (Note

that m must be even.) Since f;, as a sum of commutators, vanishes under this
substitution we have @ = 0. Now by the generic invertibility of y we get that
fi(x1,xa,...,2y,) is *-identity in R.

Then [y, Zs,, Tiy, . - -, Zs,, ] gOES to £27/2 (

Finally for #-identities of type f3, applying (5) on the symmetric commutator
and one of the skew symmetric commutators, we get that fs is a linear combi-
nation of symmetric commutators. By Lemma 2.3 we reduce this case to that
of fo without skew symmetric variables, and thus we are done. ]

The following Corollary summarizes the results above.

COROLLARY 2.5: Let f € R. If f is an identity for (Ma(K),*) then f follows
from some *-identity that depends on symmetric variables only.

Therefore, when * is the transpose involution on M3(K) one may consider
polynomials depending on symmetric variables. Until the end of this section all
polynomials we consider will depend only on symmetric variables.

Definition 2.6: 1. Denote by Fi C R the span of all products of two skew
symmetric commutators where one of the commutators is of degree 2.

2. Denote by F» C R the span of all skew symmetric commutators of degree
> 4.

3. Denote by F3 C R the span of all symmetric commutators of degree > 4.

In [2, Theorem 5] it was proved that the ordinary identities of M>(K) when
K is infinite, char K = p # 2, follow from the identities

84 = Z (—1)0%(1)%(2)%(3)%(4)a hs = [[3317102] o [33371104],175],
ocE€Sy

and, in the case p = 3, from one more identity,

r6 = [T1,Z2] 0 (u 0o v) — (1/8)([x1,u, v, x2) + [21,V, u, T2]

- ["IIQ,U,"El,’U] - [l’g,v,ml,u])
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where u = [£3,24] and v = [z5, 6]
Clearly hs follows from the x-identities (1). As to r¢ observe first that

(€1, u,v,29] = —[u, 21,22, v] = —duwv|zs, 1] = [21,v, U, T2]

according to (6). On the other hand, [z2,u, ;] is skew symmetric; hence the
last two commutators in rg vanish on R. Thus rg annihilates on R.

The above motivates the definition of a linear operator L(a,b) for a, b being
symmetric variables, on the direct sum Fy & F» @ F3. An analogous operator
was first employed by Iityakov in [9], and subsequently used in [17] and in [12].

Definition 2.7: Let wy, we be symmetric variables or commutators and let a,
b be symmetric variables; define [wy,w2]L(a,b) to be

(1/8)([“}1,@,(),1{)2] + [w1,b,a/,U)2] - ['UJQ,G/,U)],b] - [wQabawlva])'

If wy and wy are skew symmetric commutators and degws = 2 then we define
(wle)L(a’ b) = wr (w‘ZL(av b))

It is easy to verify that for the symmetric variables z1, 2, a, b € R one has
[131 N l‘z]L(a, b) = (1/4)[1’1, a9, Q, b]

Note that L(a,b) = L(b,a).
The following Lie identities are satisfied in the Lie algebra sls(K):

[zl’x%xﬁl]l’(av b) = [[3317‘772]1:(&» b)’x3]7
[1,a]L(z2,b) — [x2,a]L(z1,b) = (1/4)[x1, 22, b, a],
[z1, 2] L{a,b)L(c,d) = [x1, x2]L{c,d)}L(a, b);

see [17, Identities (3), (4), (5)]. All of them (as well as all the identities for
sla(K) when char K # 2) follow from one identity of degree 5; see the main
theorem of [17]. It is well known that all Lie identities of the matrix algebra
M3(K) follow from the standard polynomial s4 of degree 4; see for example [8].
But

84 = 2([x1, 2] 0 [z3, 24] — [21, 23] © (@2, T4] + [#1, Z4] 0 [22, T3]).

If all z; are symmetric variables then [z;,z;] are skew symmetric and as such
they commute in R. Therefore the standard polynomial s, equals in R twice
the polynomial from the Identity (2). Thus the identities of siy(K) above are
satisfied in R provided all variables are symmetric.
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Since all identities for My(K) are satisfied as x-identities in R, one immedi-
ately obtains that when w, and ws are skew symmetric commutators of degrees
> 2 then w;(weL(a,b)) = (w1L(a,b))ws in R; see for example [12]. Thus we
obtain the following lemma.

LEMMA 2.8: The transformation L is well defined linear operator on
FLoF,oF;.

Note that one may use the proof of {17, Lemma 1.2] in order to obtain once
more that L is well defined.

PROPOSITION 2.9: Assume that f;, € F;, degf; > 4. Then in R, f; can be
written as follows.
1L fi=3%, ai[xil,xig][xm,xi‘,]nj L{a;j,bi5). Here a; € K, iy < ig, i3 < g,
11 <13, i2 < ig.
2. fa=3, ﬂi[mil,xiz]]_[j L{aij,bi;), B € K and i1 < 1a.
3. f3= 3 vil®iy s @iy, 4] 1 Llassy big), vi € K and 4y < iz < i3.
In all cases a;; and b;; are symmetric variables.

Proof: We need only prove the statement about the inequalities of the indices
in (1). But it follows from the *-identity (2). [ |

We give a brief motivation for the steps that follow. We consider F; & F> & F3
as a module over the commutative algebra generated by the operators L. We
will find elements that span the F;’s. Subsequently, we will show that these
elements when evaluated on the generic matrices with involution are linearly
independent. Hence the algebra R will be isomorphic to the relatively free
x-algebra determined by (Ms(K), *).

The polynomials we consider are *-proper. Hence when computing such a
polynomial on M>(K') we may dispense with the “scalar” component of the re-
spective matrices. In other words, if m; € M3(K) and m} = m;—(1/2) trm; then
f(my,...,my) = f(m},...,m}) for every x-proper polynomial f(zi,...,2x)
depending on symmetric variables only. Here we identify the field K with the
centre of My(K). Thus, any *-proper polynomial that depends on symmetric
variables is *-identity for Ma(K) if and only if it vanishes under substitutions
by symmetric traceless matrices.

In the vector space sla(K) one has the inner product {a,b) = aob for a,
b € slo(K). A standard argument shows that without loss of generality one
may consider the base field K algebraically closed. Therefore if 2 = —1 in K
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we have the following basis of the vector space Ma(K):

(10 (i 0 O (0 -1
@=lo 1) 2T\ o =) 2T\i o) BT\ o)

The matrices e, ea, eg form a basis of slo(K). Since we are interested in
symmetric matrices then we may consider e; and es only.

If we substitute x1, xa, a, b for traceless matrices we will get [z, z2]L(a,b) =
[z1,22] o (@ o b). Here a o b is the inner product in the span of e; and es.
Now we employ the invariants of the orthogonal group for this inner product as
described in [5], in a manner similar to that of [17], [10] and [12]. The invariants
are described in terms of double tableaux. Let T be the double tableau

Pun P2 ... oo Pimg [0 Q12 .- qim,

P21 P22 - cen Doam, | @21 Q22 ... S q2mo
(12)

Pre1 Pk2  --- Dkmy g1 k2 -+ Qkmy

where m; > mgy > --- > my, and all pyj, g;; are integers.

When all entries of T' are positive integers and m; > 2 then T is called 0-
tableau. If p;; = 0 and all other entries of T are positive integers then T is
called 1-tableau; when m; > 2 and p1; = —1, p12 = 0 while all other entries are
positive integers, T is called 2-tableau.

We associate to T a polynomial ¢(T) in R, in the following way.

Definition 2.10: Let T = (p1,p2,---sPm | 1,42, - - -, ¢m) be a tableau consisting
of one row.

1. If T is O-tableau then we set p(T") to be

(1/4) Z (—1)0[.%1,1 7$P2][$Qn(1)7an(2)]L(xp3’xq(r(3)) ce L($p171.7xQ¢7(1n))‘
oESH

2. If T is 1-tableau then ¢(T') equals

—(1/4) Z (_1)a[x40(1)’qu(2)7$P2]L(IP37x%(3))"'L(xpm’xqﬂ(m))’
oESm

3. If T is 2-tableau with m = 2 then ¢(T') = —(1/4)[x,,,%q,]. If otherwise
m > 3 then we set

QO(T) = _(1/4) Z (_1)0[$QU(1) ’ xqﬂ(z)]L(iEpsn*T%(s)) te L('Tpm ) a"%(m))‘
UESm
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In the general case, let Ty, T5,. .., T} be the successive rows of T'. Then we set
o(T) = ¢(Th)ly . .. l;;, where we denote by I; the product of (commuting) linear
transformations

l; = Z (=17 L(p;y 1 Tg;000)) -+ - LTpjons Tgjomy)s T = M5
0ESm
Here S, stands for the symmetric group permuting {1,2,...,m} and (-1)? is
the sign of 0.

Note that /; is the “determinant” of the m x m matrix whose (a, b)-th entry

is L(Tp,,, Ty, a)-

LEMMA 2.11: Suppose that T is k-tableau, k =0, 1, 2. If my > 3 then o(T) = 0
in R.

Proof: It is sufficient to prove the lemma in the case when T consists of one
single row and m; = 3. If T = (123 | 456) is O-tableau then

o(T) = (1/8)[z1, z2)([x4, T5, 23, T6] — (24, Z6, T3, 25] + (25, 6, T3, T4])

= (1/8)[x1, z2)([z4, x5, T6, T3] — |24, %6, T5, T3] + [25, 6, T4, Z3]),

since [v,z;,z;] = [v, 25, 2;] for any skew symmetric element v. But the second
expression vanishes due to the Jacobi identity.
Now let T' = (012 | 345) be 1-tableau. Then ¢(T") equals

—(1/8)([x3, T4, T2, x5, 21] — [23, X5, T2, T4, 21] + [24, T5, T2, T3, 21]) = 0

in the same manner as for O-tableaux. Analogously, one deals with the case of
a 2-tableau T = (—101 | 234): o(T) = —(1/8)([x2, %3, ®1, %4] — [T2, T4, 21, 23] +
(3,74, 21,22]) = 0. 1

Definition 2.12: The double tableau T is called (doubly) standard if p;; <
Dij+1s @i < Gij+15 Pij < qi5 and q;; < pi11,; for every ¢ and j that make sense
in the above inequalities.

Remark 2.13: Let V be the “generic” vector space with a basis consisting of the
vectors &; = (Zi1, T2, - - -, Tin). Define an inner product by z;02; = >, i Tjr.
It is well known (see [5]) that the algebra A of invariants of the orthogonal group
is generated by the products x;0z; and it has a linear basis that is indexed by the
standard tableaux T such that m; <m. If T = (p1...pm | q1 - --¢m) consists
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of one row then the corresponding basic element is T = det(z,, o Zg; )mxm- If
the rows of T are Ty, Ts,..., Ty then T = T\ T - - - T

Now we apply the above remark to the vector space spanned by the generic
traceless symmetric matrices of order two. The inner product in it is defined by
uowv = (1/2)(uv + vu). Thus the polynomials T such that T is standard and
my < 2 are linearly independent.

Definition 2.14: Denote by Adm the set of all double i-tableaux T, ¢ =0, 1, 2,
such that T is standard and the length of the first row of T satisfies m; < 2.

PROPOSITION 2.15: The polynomials {o(T) | T € Adm} span the vector space
Fy, & F, & Fs of all x-proper polynomials in R that depend only on symmetric
variables.

Proof: We prove that every polynomial f;, € Fy is a linear combination of
polynomials ¢(T;) for some standard i-tableaux T; € Adm. Let T be the
double tableau (12), we denote by m(T') = m = (my,ma, ..., my) the shape of
T, and by d = d(T") the sequence

(plla"'7p1,m17Q117""ql,mup?l""7q215"'7pk1,"'7qk,mk)

that is the contents of 7. If T7 and T5 are two double tableaux then T} < Ty
if m(T1) < m(T3) in the usual lexicographic order or else m(T7) = m(T) but
d(T1) > d(T5), again in the lexicographic order.

First let f; € Fy; then according to Proposition 2.9 one writes f1 = >~ a;0(T5)
where «; € K and T; are 0-tableaux. Without loss of generality we may assume
that all rows of T} are of length < 2. Thus it suffices to show that every o(T;) can
be expressed as a linear combination of polynomials corresponding to standard
0-tableaux. Set T = T;.

Suppose that T is not standard. It is easy to see that we may consider that
every half row of T is put in ascending order. If this is not so and the respective
half row is not the first, then reordering its entries may result in a change of sign.
If it is the first row then we use Proposition 2.9. Furthermore, if the violation of
the standardness occurs below the first row, one applies verbatim the argument
from [10, Lemma 2.7] and expresses ¢(T') as a combination of tableaux that are
larger in the order defined above. Note that when the standardness breaks in
one row of T' then (T') will be a combination of tableaux of the same shape but
with smaller contents; if it breaks in two successive rows then the combination
will involve in addition tableaux of larger shape.
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If, on the other hand, we have p,, > g1, then once again Proposition 2.9
resolves it. Therefore the only case to be considered is 1~ > p2-, 7 = 1 or 2. But
it is resolved using [12, Lemma 4.2, Proposition 4.2], and the remarks preceding
Lemma 2.8. Therefore o(T') is a linear combination o(T) = Y, Bip(T), Bi € K,
T; > T. In the sequel we consider the polynomials (T;) and the corresponding
tableaux T;. Treating them in the same manner we shall get tableaux that are
still higher in the order. But this process must end up with standard tableaux.
Note that it cannot be infinite since the polynomials under consideration have
the same multidegree and hence we deal with a finite set of double tableaux.

Now let T be 2-tableau. As above we may suppose that T' is not standard
and that the violation of the standardness is of the type ¢1» > par. In this case
one proceeds in the same manner as above using the corresponding result for
the identities of the Lie algebra sly(K) in [17, Proposition 2.1] instead of the
arguments from [12].

The last case to consider is when T is 1-tableau, and as the former two cases,
we suppose that the violation is ¢, > par. It is dealt with using once again
[17, Proposition 2.1], and we are done. |

THEOREM 2.16: Let K be an infinite field of characteristic p # 2. The
*-identities (1), (2) and (3) form a basis of the x-identities of M2(K) when
x is the transpose involution.

Proof: Recall that I is the *-ideal generated by the identities (1), (2) and (3).
We need to prove that I = T'(M3(K), ). Since the inclusion I C T(M2(K), *)
is immediate then we have the canonical epimorphism

R=K(X,Y)/I - K(X,Y)/T(My(K),*) = R.

Therefore the image of the set {¢(T) | T € Adm} spans the vector space of
all *-proper polynomials in R that depend only on symmetric variables. The
theorem will be proved if we show that the images of the polynomials (1),
T € Adm, are linearly independent.

Here we make use of the following weak identities for the pair (M3 (K),sl2(K)).
First one has [z1, 2] L(a, b) = [z1, z2]o(aob). As a consequence of [z10z5, 23] =0
one obtains [z1, 2] © z3 = 21 © [z2,z3]). Then it is easy to verify that the weak
identity

[z1,72] o [3,74] = —4((21 © T3) (2 0 T4) — (21 © T4)(x2 0 73)) = —4T
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holds for T = (12 | 34); see for example [10, Lemma 2.1]. We will need the
following lemma.

LEMMA 2.17: Let T be i-tableau, ¢ = 0, 1, 2. Then the following equalities
hold in R.

1. When T is O-tableau, o(T) = —2T.

2. When T is I-tableau, zo o o(T) = —2T.

3. When T is 2-tableau, [x_,,20] o o(T) = T.

Here we use the same notation ¢(T") for the corresponding polynomials in R
and for their images in R.

Proof: The first statement was proved above. For the second, one observes
that xg o [x3, 22, 21] = [21, 22] © [£3, 4] is a weak identity for (M2 (K), sl2(K)),
according to [10, p. 616]. The last statement is proved in the same way as the
first was. |

Now we return to our theorem. The polynomials T for T standard and m; < 2
are linearly independent in R. By Lemma 2.17 we have that the polynomials
{o(T) | T € Adm} are linearly independent in R. Notice that for 0-tableaux
the polynomial ¢(T') represents scalar matrices in M5(K); when T is 1-tableau
then ¢(T') evaluates on symmetric traceless matrices, and for 2-tableaux, (T
goes to skew symmetric matrices in My (K).

Therefore {o(T) | T € Adm} are linearly independent already in R, and they
form a basis of the vector space Fy & F> & F3. Thus the theorem is proved.
|

3. The symplectic involution

In this section * is the symplectic involution on Ms(K), that is
air  axz ' [ @22 —a12
a1 Q22 —az1 a1 )
Then it is immediate that the following are x-identities for (My(K), *):

(13) [1,22] =0, [2,9]=0

since the symmetric elements of (M2(K'), ) are the scalar matrices.
As in the previous sections, it can be shown that the *-identities for (Mz(K),*)
are determined by the multihomogeneous ones.
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THEOREM 3.1: Let K be an infinite field of characteristic p # 2, and let * be
the symplectic involution on My(K). All x-identities of this algebra follow from
the identities (13).

Proof: Let f(z1,...,Zm,¥1,--.,Yn) be *-identity for Ms(K). Since z; are
central then

f@y,e e @mo g1,y yn) = 25 2hr gy, -, yn)
for some polynomial g that depends only on skew symmetric variables. Obvi-
ously g is again x-identity for M5(K'). On the other hand, the skew symmetric
elements of (M2(K), x) coincide with sl2(K), therefore ¢ is weak identity for the
pair (M2(K), sl2(K)). But then according to [10, Theorem 3.2] we may write g
in the following way:

91, Y22 ¥n) = Y cvitssfvs 0wy, il
i

where a; € K, u;, t; and r; are associative polynomials and v; and w; are
commutators of degree > 2, all depending only on skew symmetric variables.
Since [y1,¥2]* = —[v1, y2] then v; and w; are skew symmetric elements. On the
other hand, y1 o y2 = (1/2)(y192 + y2v1) = (1/2)(11y2 + (y12)") is symmetric
element. Therefore [v; ow;, t;] = 0 follows from (13), and the theorem is proved.
[ | ‘ '

Remark 3.2: It would be interesting to know the identities with involution for
other matrix algebras. On the other hand, it should be rather difficult. A first
step in this direction could be the following.

Describe the basis of the *-identities for M4(K) over an infinite field (or even
in characteristic 0) where * stands for the symplectic involution.

Very probably, the description of the minimal *-identities given by D’Amour
and Racine in [3], [4] would help in obtaining such a basis.
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